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We revisit the formulations and simulations of angular distributions in polarization-dependent
core-level photoemission spectra of strongly correlated electron systems, in order to explain the
recently discovered linear dichroism (LD) in the core-level photoemission of 4f -based rare-earth
compounds. Owing to the selection rules for the optical process of core-level excitations, the LD
originating from the anisotropic outer localized charge distributions determined by the ground-state
orbital symmetry can be observed. Our simulations show that core d-level excitations are essential
for the LD in localized ions having a cubic symmetry, which is absent in the p-orbital excitations.
Ground- and excited-state orbital symmetry or orbital
polarization in strongly correlated electron systems play
crucial roles in their functional properties. For exam-
ple, the highly two-dimensional characteristics of the
conducting carriers in high-temperature superconducting
cuprates are due to their Cu 3dx2−y2 orbital symmetry
mixed with the O 2px,y symmetry in the CuO2 planes
1–3,
which is split by the effective crystalline electric field
(CEF). Strongly correlated 4f -based heavy Fermion com-
pounds show a variety of intriguing phenomena such
as unconventional superconductivity4–7, multipole order-
ing8–10, and both successive transitions11 as a function
of temperature. The CEF-split ground-state 4f -orbital
symmetry of such compounds is very fundamental for ex-
amining their properties.
However, the 4f -orbital symmetry had not been re-
vealed for realistic materials straightforwardly, as seen
in an old controversy for CeB6 (Ref. 12). There are
too many adjustable parameters to uniquely determine
the symmetry by an analysis of inelastic neutron scat-
tering and anisotropy in magnetic susceptibility, which
has been recognized as a standard experimental tech-
nique. Inelastic polarized neutron scattering13 is use-
ful but time-consuming, and requires a large single-
crystalline sample. On the other hand, x-ray spectro-
scopic techniques such as linear dichroism (LD) in soft-
X-ray absorption (XAS) near rare-earth M4,5 edges
13–18
and polarization-dependent non-resonant inelastic x-ray
scattering19 (NIXS) have been much improved for prob-
ing the anisotropic 4f charge distributions derived from
the orbital symmetry.
Recently, it has been reported that the ground-state
4f -orbital symmetry can be uniquely determined by lin-
ear polarization-dependent angle-resolved core-level pho-
toemission of strongly correlated rare-earth compounds
not only in tetragonal symmetry20,21 but also in cubic
symmetry22,23. This technique is promising for reveal-
ing the ground- and excited-state orbital symmetry of
strongly correlated electron systems, as it is complemen-
tary to LD-XAS and LD-NIXS. It has an advantage that
it is applicable to systems having cubic symmetry for the
LD in angle-resolved core-level photoemission of the sys-
tem with localized anisotropic outer charge distributions.
In this Letter, we show the formulations and simula-
tions of polarization-dependent angle-resolved core-level
photoemission, including the so called transition matrix
elements, which describe the transition probabilities be-
tween the initial and final states. It can be seen that LD
is intrinsically observed in the spectra for partially filled
4f systems even in cubic symmetry by the formulations.
These have been a long-standing pitfall in photoemission
spectroscopy of solids. The matrix elements in angle-
resolved valence-band photoemission have been discussed
previously24–27. The photoionization cross-sections and
asymmetry parameters for the core-level photoemission
of ions with spherical charge distributions have already
been established28–32. Nevertheless, the combined formu-
lations of the core-level photoemission for strongly corre-
lated systems with the emission angle- and polarization-
dependent matrix elements have been lacking to date.
In the core-level photoemission process, one inner-core
electron is excited by the incident photon with an en-
ergy hν from the strongly correlated sites, and this pho-
toelectron with a kinetic energy E∗K is detected in its
final state. The intensity of core-level photoemission
spectra of strongly correlated electron systems has so far
been expressed using an angle and polarization integrated
form33–36, as a function of ω ≡ E∗K − hν
ρnclc(ω) =
∑
f,mc,sc
|〈Ef |aλc |Ei〉|
2
δ(ω + Ef − Ei), (1)
where Ei stands for the initial-state energy and Ef de-
notes the eigenenergy of the final state f with a core
hole in a solid. Here, the operator aλc annihilates an
electron at the core level with quantum numbers speci-
fied using a joint index λc ≡ (nc, lc,mc, sc), where nc, lc,
mc, and sc denote the principal, orbital, magnetic, and
spin quantum numbers, respectively. For the ions with an
2atomic-like partially filled subshell, the one-electron re-
moval state aλc |Ei〉 is not an eigenstate of the final state,
due to the Coulomb and exchange interactions between
the outer electrons and the created core hole, which leads
to a multiplet-split multiple-peak structure in the core-
level photoemission spectra35–38. Hence, in principle, one
can detect the anisotropy of the wave function of the out-
ershell through the interactions between the outer elec-
trons and the core hole by measuring the emission angle
and light polarization dependence of the spectra. How-
ever, this possibility has been overlooked until recently.
To deal with LD in the angle-resolved core-level pho-
toemission spectra of a single crystal, we need to start
from the form in which the transition matrix elements
Mγc are explicitly taken into account, as follows:
ρnclc(ω, e, θk, ϕk) =
∑
f,sc
∣∣∣∣∣
∑
mc
Mγc〈Ef |aλc |Ei〉
∣∣∣∣∣
2
δ(ω + Ef − Ei), (2)
where e is the unit vector indicating the electric field di-
rection of the incident light, and θk and ϕk denote the po-
lar and azimuthal angles of the observed photoelectrons,
respectively. Here, another joint index γc ≡ (nc, lc,mc)
[thus λc = (γc, sc)] is introduced. Mγc is represented as
Mγc =
∫∫∫
φ∗k(r)(e
iq·re · p)φγc(r) dV, (3)
where φγc(r) and φk(r) denote the one-electron wave
function of the core level with γc and that of the excited
photoelectron with a momentum k (E∗K = ~
2k2/2m), re-
spectively; q is the photon momentum and p = −i~∇.
For simplicity, let us discuss the core-level photoemis-
sion process for a single ion in the CEF within the elec-
tric dipole transitions, i.e., exp(iq · r) ≃ 1. By using
the partial wave expansion24–27, the photoelectron wave
function excited from the inner core state λc with the
atomic-like one-electron wave function
φγc(r) = Rnclc(r)Y
mc
lc
(θ, ϕ) (4)
can be expressed as
φk(r) = 4pi
∑
l′,m′
il
′
e−iδl′Y m
′
∗
l′ (θk, ϕk)Rkl′ (r)Y
m′
l′ (θ, ϕ), (5)
where δl′ stands for the phase shift and Rkl′ (r) denotes the radial function of the continuum state. By inserting
Eqs. (4) and (5) into Eq. (3), the transition matrix elements are rewritten within the electric dipole approximation as
Mγc = 4pi
∑
l′=lc±1,m′
(−i)l
′
eiδl′Y m
′
l′ (θk, ϕk)P (nclc → kl
′)
∫∫
Y m
′
∗
l′ (θ, ϕ)(e · rˆ)Y
mc
lc
(θ, ϕ) dΩ, (6)
P (nclc → kl
′) ∝
∫
Rkl′ (r)Rnclc(r)r
3 dr, (7)
where dΩ = sin θ dθ dφ and rˆ is the unit radial vector. We further assume that the lc → lc + 1 transitions are
predominant over the lc → lc − 1 transitions
25,39, and therefore the interference effects between the outgoing lc +
1 and lc − 1 photoelectron waves are negligible
40. Indeed, with this assumption, the experimental polarization-
dependent angle-resolved core-level photoemission spectra have been well reproduced by spectral simulations20–23.
By substituting Eq. (6) into Eq. (2) and omitting the lc → lc − 1 transitions, we finally obtain
ρnclc(ω, e, θk, ϕk) ∝
∑
f,sc
∣∣∣∣∣∣
∑
m′,mc
Y m
′
lc+1(θk, ϕk)A
m′
lcmc(e)〈Ef |aλc |Ei〉
∣∣∣∣∣∣
2
δ(ω + Ef − Ei) (8)
where
Am
′
lcmc(e) =
∫∫
Y m
′
∗
lc+1(θ, ϕ)(e · rˆ)Y
mc
lc
(θ, ϕ) dΩ (9)
Here, the term P (nclc → kl
′) in Eq. (8) is omitted since
it is independent of e, θk, and ϕk. Comparing Eq. (8)
3with Eq. (1), one can recognize that the spectral weights
of the multiplet-split peaks are modulated from those
in the isotropic spectral function by the light polariza-
tion Am
′
lcmc
(e) and photoelectron angular Y m
′
lc+1
(θk, ϕk)
factors in the polarization-dependent angle-resolved core-
level photoemission spectra. Therefore, the multiplet line
shape can show the polarization and angular dependence
in the CEF, where the coordination axes for the electrons
cannot be arbitrarily chosen.
As an example, we have simulated the polarization-
dependent angle-resolved core-level photoemission spec-
tra caused by the lc → lc + 1 transitions on the basis of
Eq. (8) for Yb3+ ions in cubic symmetry using the XTLS
9.0 program39. In general, the reasons for the appear-
ance of LD in the core-level photoemission are twofold:
one is the initial state effects, which originate from the
anisotropy in the wave function in the initial state, and
the other is the final states effect, which is the deforma-
tion of the spectral structure caused by the level splitting
due to CEF or anisotropic hybridization of the orbitals
on the ions surrounding the excited site. In 4f systems,
the level splitting due to CEF is small compared to the
life-time and experimental broadening width of the peaks
in the spectra; therefore we can neglect the final state
effects. This renders the LD in the core-level photoemis-
sion spectroscopy at the rare-earth ion site an ideal tool
to examine the symmetry of the 4f state in the initial
state.
In Stevens formalism41, the eightfold degenerate Yb3+
J = 7/2 state with one 4f hole is split by the CEF in
cubic symmetry into two doublets (Γ6 and Γ7) and one
quartet (Γ8), where the Γ6, Γ7, and Γ8 4f charge dis-
tributions are elongated along the [100], [111], and [110]
directions, respectively16,22. In the simulations of the 4d
and ncp (nc = 4, 5) core-level photoemission spectra,
the Coulomb and exchange interactions between the 4f
hole and the core hole, the spin-orbit interaction of the
core hole and 4f orbitals, and the CEF splitting of the
4f levels are included. All the atomic parameters such as
the Coulomb and exchange interactions (Slater integrals)
and the spin-orbit coupling constants have been obtained
by using Cowan’s code42 based on the Hartree-Fock ap-
proximation. The Slater integrals (spin-orbit coupling
constants) are reduced to 88% (98% for the inner-core
orbitals and 100% for the 4f orbital).
The simulated polarization-dependent 4d core-level
photoemission spectra of Yb3+ ions with the Γ6, Γ7 and
Γ8 ground states along the [001] direction in the geom-
etry shown in Fig. 1(a) are demonstrated in Fig. 1(b).
As theoretically seen in the 3d5/2 core-level photoemis-
sion spectra22, the LDs defined by the difference in the
spectral weight between the s- and p-polarization config-
urations as a function of binding energy are also clearly
shown in the 4d photoemission spectra. For the Γ6 and
Γ7 ground states, the prominent LD is predicted around
the relative binding energies of −8.5 and 0.4 eV. Even
for the Γ8 ground state, a finite LD is predicted, while
the LD is markedly reduced compared with that for the
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FIG. 1. (Color online) (a) Geometry of the polarization-
dependent angle-resolved core-level photoemission. (b) Sim-
ulated polarization-dependent 4d core-level photoemission
spectra along the [001] direction of Yb3+ ions, assuming the
CEF-split ground state in cubic symmetry. The relative bind-
ing energy corresponds to −ω. The Gaussian and Lorentzian
broadenings are set to 0.4 and 1.2 eV, respectively, as full
widths at half maximum (FWHM). The spectra are normal-
ized by the overall 4d spectral weight. LD for the Γ8 ground
state is also shown.
Γ6 and Γ7 ground states. The reduction of LD for the
Γ8 ground state is ascribed to the fact that the 4f hole
spatial distribution is the nearest to a spherical shape
among these three states22. The simulations suggest that
the finite angular dependence of the multiplet-split peak
structure can be observed for single crystals even if we
measure the spectra using a photoelectron spectrometer
with an acceptance angle of ±several degrees at an un-
polarized light excitation with no electric field along the
propagation direction of the excitation lights. It should
be noted that the core-level spin-orbit coupling itself is
not necessary for LD in the angle-resolved core-level pho-
toemission.
Figure 2 shows the simulated angle-resolved 4p and
5p core-level photoemission spectra for the Γ6 and Γ7
ground states, and it can be observed that there is com-
plete absence of LD in the spectra. These results are in
strong contrast to those in the 4d core-level spectra. LD
is also absent for the Γ8 state, since the isotropic spectra
are formed by the sum of the spectra for the Γ6, Γ7, and
Γ8 states weighted by their degeneracy. Our simulation
results are consistent with the fact that the core-level ex-
citation with lc ≥ 2 (irrespective of nc) is essential for
observing LD in the angle-resolved photoemission spec-
tra of the systems in cubic symmetry. This depends on
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FIG. 2. (Color online) (a) Simulated polarization-dependent
4p core-level photoemission spectra along the [001] direction
of Yb3+ ions assuming the CEF-split Γ6 and Γ7 ground states
in cubic symmetry. The geometry of the simulations is the
same as that in Fig. 1(a). (b) Same as (a), but with 5p core-
level photoemission spectra. The Gaussian and Lorentzian
broadenings are set to the same as those for the 4d photoe-
mission spectra in Fig. 1(b).
whether the bases of the lc core orbital is expressed with a
linear combination of the basis sets of multiple irreducible
representations, e.g., d = Γ3 ⊕ Γ5 or only one basis set
of an irreducible representation, e.g., p = Γ4 in the cubic
O symmetry. For the ncp core-level spectra, those with
the excitation of an electron from any of the core level
orbital px, py, or pz or any linear combination of them
have the same branching ratio to the final state multi-
plets, and therefore no LD is rigorously concluded, as
shown in Fig. 2. On the other hand, for the 4d core-level
spectra, the branching ratio to the final state multiplets
is different depending on whether an electron is excited
from those belong to the Γ3 representation (d3z2−r2 and
dx2−y2) or the Γ5 representation (dyz , dzx and dxy), and
therefore LD is expected.
In summary, we have shown the formulations and sim-
ulations of linear polarization-dependent angle-resolved
core-level photoemission for ions under a CEF. A finite
LD and angular dependence of the multiplet-split core-
level spectral shape, which reflects the anisotropic outer
localized charge distributions determined by the occu-
pied orbital symmetry, are expected at the d core-level
excitations even for systems having a cubic symmetry.
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